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Elastic Anomaly of Helium Films at a Quantum Phase Transition
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Helium films show various quantum phases that undergo quantum phase transitions by changing
coverage n. We found anomalous elastic phenomena in bosonic 4He and fermionic 3He films adsorbed
on a glass substrate. The films stiffen under AC strain at low temperature with an excess dissipation.
The onset temperature of the stiffening decreases to 0 K as n approaches a critical coverage nc. The
elastic anomaly is explained by thermal activation of helium atoms from the localized to extended
states with a distributed energy gap. We determine for the first time the energy band structure of
helium films from elasticity. The ground states of 4He and 3He at n < nc are identically gapped
and compressible, which are possibly a sort of Mott insulator or Mott glass.
PACS numbers: 05.30.Rt, 64.70.Tg, 67.25.bh, 67.25.dj, 67.30.ej, 68.60.Bs
I. INTRODUCTION
Quantum phase transition (QPT) has been actively
studied in condensed matter physics, because it oc-
curs between emergent quantum phases1. In particu-
lar, superfluid– and superconductor–insulator transitions
in superconducting films2 and ultracold atoms in op-
tical potentials3,4 are typical examples of QPTs. In
superfluid–insulator QPTs, while superfluid phases are
unique and well understood, there are various possibili-
ties for insulating phases because they are determined by
competition between quantum fluctuations, interparticle
correlation, and external potential. In spatially periodic
systems such as bosons in optical lattices, the insulat-
ing phase is Mott insulator. In disordered metals and
atoms in disordered potentials, Anderson insulator and
Bose glass are the candidates for insulating phases. In
this paper, we propose that helium films offer a new ex-
ample of QPT between a superfluid and a novel insulating
phase, which has an energy gap and a finite compressibil-
ity.
Helium (bosonic 4He and fermionic 3He) films formed
on solid substrates by adsorption undergo various QPTs
between competing phases by changing coverage n (areal
density) as an external parameter. On atomically flat
surface of graphite, helium films form clear layer struc-
tures from one to several atomic layers5. Potential corru-
gation provided by graphite and correlation between he-
lium atoms produce various ordered phases such as Mott
insulator, heavy Fermi fluid, nuclear magnetic phases,
and coexistence of superfluid and density wave order6–8.
On disordered substrates, such as glass and Mylar (plas-
tic film), the situation is quite different. No clear layer
structure is observed, and superfluidity emerges when
n exceeds a critical value nc, which is 6–27 µmol/m
2
(about 0.5–2 atomic layers) depending on substrates9,10.
The superfluid transition temperature Tc increases as n
increases from nc, while films at n < nc do not ex-
hibit superfluidity. The superfluid films undergo a well-
known Berezinskii–Kosterlitz–Thouless (BKT) transition
on Mylar substrate11, while films in porous media show
both two and three-dimensional characteristics due to
the macroscopic connectivity of locally two-dimensional
films12,13.
The most important feature of 4He films on disordered
substrates is that there is only one “quantum critical
coverage” nc. Films at n < nc are considered to be in
an insulating phase, meaning that a superfluid–insulator
QPT occurs at nc. We emphasize that
4He on dis-
ordered substrates realizes an ideal superfluid–insulator
QPT. On graphite, 4He superfluidity and 3He magnetism
are strongly influenced by corrugation from substrate. It
is rather surprising that superfluid transition of 4He on
Mylar shows a perfect agreement with the BKT theory11,
while 4He on graphite does not14.
The existence of nc was initially explained by the so-
called inert layer model15,16. In this model, an “inert”
solid layer adjacent to substrate and a superfluid layer
atop the inert layer form two independent subsystems.
Although this model is consistent with the fact that nc
depends on helium–substrate potential depth, it does not
explain the deviation of n–Tc relation from linearity, and
the nonadditivity of heat capacity9. It is therefore desir-
able to study nature of the localized state and the QPT
beyond the inert layer model.
Fisher et al. proposed that many-body effects of corre-
lation and disorder make 4He film at n < nc localized to
be a Bose glass, which is characterized by no gap and fi-
nite compressibility17. But no evidence for the Bose glass
of 4He film was found experimentally10. We have found
anomalous behavior in elasticity of helium films, an im-
portant property that is related to a compressibility of
ground state. The ground state at n < nc is found to
be a gapped many-body state such as Mott insulator or
Mott glass18, which has intermediate properties between
Mott insulator and Bose glass.
Contrary to 4He, studies of 3He films on disordered
substrates were few. Since 3He films show no superfluid-
ity at currently available low temperatures and the heat
capacity is dominated by a contribution from nuclear
spins19, critical coverage nc was not identified for
3He.
Also in 3He films, we have observed the elastic anomaly
2FIG. 1. A cross-sectional view of the torsional oscillator. The
uppermost part has screw holes for mounting on a platform.
The photograph shows the rod sample of porous Gelsil glass
we have employed in this work.
identical to that of 4He films. The critical coverage nc is
identified for the first time for 3He.
II. EXPERIMENTAL METHOD
A. Torsional oscillator and porous glass
We have measured elasticity of helium films using a
torsional oscillator (TO) shown in Fig. 1. Contrary
to TO conventionally used in studies of superfluid he-
lium, in which space for helium is located in the bob to
measure mass decoupling, our present TO consists of a
beryllium copper (BeCu) torsion rod containing a porous
Gelsil glass sample and a brass dummy bob, which also
acts as an electrode for torsional oscillation. Gelsil is a
nanoporous silica glass manufactured by sol-gel method,
and has nanopores that are randomly connected. Its
structure is similar to that of porous Vycor glass, which
was typically used in many superfluid helium studies.
Adsorbed helium atoms form a film on the pore wall, and
the atoms in fluid state can move along the wall. The Gel-
sil sample we used is cylindrical shape, 17 mm in length,
and 5.4 mm in diameter. Before the construction of the
TO, the Gelsil sample was baked at 150 ◦C in vacuum
for 3 hours to eliminate adsorbed molecules, especially
water. The sample mass after the baking was 0.371 g.
Then we took a nitrogen adsorption–desorption isotherm
at 77 K for surface characterization. A surface area ana-
lyzed with Brunauer–Emmett–Teller method20 is 166 m2
(447 m2/g). A pore diameter distribution, analyzed with
Barrett–Joyner–Halenda21method, has a peak at 3.9 nm.
This peak pore size is larger than the nominal pore di-
ameter 2.5 nm, which was determined by manufacturer.
The Gelsil was again baked for 6 hours, and glued into
the BeCu tube (6.0 and 5.5 mm in outer and inner di-
ameter, respectively) with Stycast 1266 epoxy in a 4He
atmosphere. The TO was mounted on a torsional vi-
bration isolator consisting of a massive copper platform
with large rotational moment of inertia (70 mmφ, 30 mm
thick) and a copper torsion rod (5 mmφ, 30 mm long).
FIG. 2. Calculated frequency shift due to changes in the
density ρg and in the shear modulus Gg of the Gelsil sample
by FEM simulation. A possible maximal value of δρg/ρg0 in
the case of full-pore 4He is indicated with an arrow. Inset is
a false color picture indicating the movement of parts of our
TO.
Two brass electrodes, which are for driving and detect-
ing the torsional oscillation, are located on the platform
so as to form two parallel plate capacitors with the flat
faces of the dummy bob.
The whole TO setup was attached to a cold plate under
a mixing chamber of a Joule–Thomson cooled dilution re-
frigerator (Cryoconcept Inc.). Sample temperature was
measured using a RuO2 thermometer (below 43 mK) and
a calibrated germanium thermometer (43 mK–5 K) on
the platform. The temperature was controlled with a
Manganin twisted wire heater and the RuO2 thermome-
ter.
B. Finite element method
For the present TO, the resonant frequency of the tor-
sion mode is simply given by f = (1/2pi)
√
k/I, where k
is a torsion constant (stiffness) of the rod and I is a mo-
ment of inertia of the dummy bob. As I is constant, an
increase in f by changing the coverage indicates stiffening
of adsorbed film. Rigorously, however, adsorption of he-
lium on the porous Gelsil glass may slightly contribute to
the moment of inertia of the bob, therefore the effects of
both stiffening and mass loading should be investigated.
We performed simulations with finite element method
(FEM) to compute how much the resonant frequency of
the current TO changes by effective stiffening and mass
loading of the Gelsil sample after helium adsorption.
We treat the Gelsil rod as a continuous material with
a Young’s modulus E = 17.1 GPa and a Poisson’s ratio
ν = 0.155, measured by an ultrasound measurement22.
The calculated resonant frequency by FEM was f0 = 962
3Hz for the present TO, which is about 10 percent larger
than the measured value f0 = 860 Hz at low tempera-
tures. The origin of this difference in f0 is not known.
One possible reason is that the inhomogeneity of silica
structure in the porous glass sample, which is not taken
into account in the FEM but might affect the resonant
frequency in reality. The reduced resonant frequency
shift 2δf/f0, however, is a good quantity to compare the
measured value to the FEM result.
If the adsorbed helium film stiffens, the apparent shear
modulus of Gelsil substrate Gg will increase, i.e. Gg →
Gg0+δGg. Helium adsorption also increases the apparent
density of Gelsil, i.e. ρg → ρg0 + δρg. The frequency
changes for small δGg/Gg0 = δE/E and δρg/ρg0 are well
fitted by linear functions as shown in Fig. 2. The results
are
2δf
f0
= 1.97× 10−1 δGg
Gg0
, (1)
and
2δf
f0
= −1.33× 10−4 δρg
ρg0
. (2)
The effect of elasticity is larger than that of mass loading
by a factor of 103 in the present TO.
The effective density change in the Gelsil due to helium
adsorption is
δρg
ρg0
=
mnNAS
mg0
≤ pρliq
ρg0
, (3)
where m is mass of a helium atom, n the coverage, NA
Avogadro’s constant, and ρliq the density of bulk liquid
helium. S = 166 m2, mg0 = 0.371 g, p = 0.54, and ρg0 =
0.954 g/cm3 are the surface area, the mass, the porosity,
and the density of the Gelsil sample, respectively. For ex-
ample, n = 23 µmol/m2 of 4He film gives δρg/ρg0 = 0.041
and 2δf/f0 = −5.5 × 10−6. Even if the pores are filled
with liquid 4He, it gives δρg/ρg0 = pρliq/ρg0 = 0.08,
hence 2δf/f0 = −1 × 10−5. Therefore, if we measure
a frequency increment greater than 2δf/f0 ∼ 1 × 10−5
(δf ∼ 4 mHz) for any coverage of 4He or 3He, it is ex-
plained by changes in elasticity. Mass decoupling by the
superfluid and “supersolid” transitions and by slippage
phenomenon23 is excluded from the origin.
C. Experimental procedure
We first performed the measurement for 4He films.
Then the TO was warmed up to room temperature to
get rid of 4He, and the measurement for 3He was made.
For each run, the resonant frequency and energy dissi-
pation of the TO without helium film were measured at
first.
The TO was forced to oscillate electrostatically at the
resonant frequency f using a loop circuit. The driving
was made by applying a pulsed voltage of 1.5 V and
a width of 50 µs, with dc bias voltage 200 Vdc, which
was applied to the dummy bob electrode. In this condi-
tion, the strain applied to Gelsil rod is estimated to be
1.6 × 10−7, and the maximal velocity at the Gelsil rim
near the dummy bob is 15 µm/s. We confirmed that
the oscillation amplitude is linear to the drive voltage
around this condition. The resonant frequency f was
measured by a frequency counter stabilized by a rubid-
ium frequency standard.
The dissipation Q−1 was taken from the current R
due to capacitive change measured by a lock-in ampli-
fier. After the drive voltage is stopped, R decreases ex-
ponentially with time; R(t) = R0e
−t/t0 , where t0 is a
relaxation time. The inverse of the dissipation gives Q
factor of oscillation, which is Q = pift0. The Q factor is
proportional to the current at a drive, Q = cR, and the
constant c was measured before the warming and after
the cooling at the lowest temperature for each coverage.
We confirmed that c does not change during a run. For
the 4He run, c = 2.48 × 1013 A−1, and for the 3He run,
c = 2.06× 1013 A−1. The dissipation Q−1 at each tem-
perature is obtained from the corresponding current R.
We refer to the temperature dependencies of f andQ−1
without helium (n = 0, empty cell) as the background.
The resonant frequencies of the TO at n = 0 and at 1.0
K were f0 = 860.822 Hz for
4He and f0 = 860.145 Hz
for 3He run. The slight difference between two runs was
by a thermal cycle. Fig. 3 shows the resonant frequency
f from which a constant f0 is subtracted and the energy
dissipation Q−1 of n = 0 for the 4He and 3He runs as a
function of temperature. The frequency was found to be
linear in log(T/K) at T > 20 mK. We fit f by
f(T, n = 0) =
1∑
i=0
Ai [log(T/K)]
i
. (4)
The fitting results are shown in Fig. 3. For the 3He
run, f takes a maximum at about 30 mK and decrease
with further lowering T , probably by the effect of tunnel-
ing two-level systems (TLS) in the glass sample24. We
assume that f is constant below 30 mK because the num-
ber of data are not sufficient to fit the T dependence.
The dissipation Q−1 slightly increases as T decreases
from 1 K to 80 mK, followed by a sudden drop below 50
mK. We fit Q−1 by polynomial
log[Q(T, n = 0)] =
9∑
i=0
Bi [log(T/K)]
i
. (5)
For preparing an adsorbed helium film, a known
amount of helium gas was admitted from a room tem-
perature gas-handling system with 1 L standard volume
to the TO at T < 150 mK. We have used commercial
G1 grade 4He gas with impurity concentration less than
5× 10−7, and 3He gas with nominal purity 99.95 %. Af-
ter adsorbing helium gas at low temperature, the TO was
warmed up at sufficiently high temperature, typically 1–5
K, for several hours to uniformly spread out in the Gelsil.
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FIG. 3. The background data of the empty cell. The upper
panel is the resonant frequency f from which a constant f0
is subtracted. Here f0 = 860.82 Hz for the
4He run, and
f0 = 860.14 Hz for the
3He run. The lower panel is the
dissipation Q−1 for the 4He and 3He runs. Lines are results
of the fitting (see text).
The TO was again cooled to 10–30 mK and then warmed
up to 1.1 K to measure the temperature dependence of
the resonant frequency f and the dissipation Q−1. Data
shown in this paper were taken during the warming. The
warming was done with PID control of the heater power
while the dilution refrigerator was properly operated. Af-
ter the warming, the heater was turned off and the TO
was cooled, and adsorption for the next coverage was
started. No hysteresis was observed in the data between
the warming and cooling.
The annealing temperature and duration were selected
so that the frequency and the amplitude become stable.
For 4He films of coverage n < 15 µmol/m2, the annealing
was done at 5 K for 5 hours. At 16 ≤ n ≤ 26 µmol/m2, it
was done at 1.1 K for more than 14 hours. For 3He films,
we annealed at 5 K for 5 hours for all coverages. For 16
µmol/m2 of 3He, we first annealed at 1.1 K for 12 hours
as in the case of 4He film. However, this condition was
not sufficient because the frequency and dissipation were
almost the same as those of previous n = 15 µmol/m2
data. This indicates that 3He atoms in the extended state
(see later section) are less mobile than 4He atoms. We
finally found that the annealing at 5 K for 5 hours was
sufficient for 3He.
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FIG. 4. The resonant frequency f and dissipation Q−1 of the
TO for 4He (left) and 3He films (right). Numbers give the
coverage n in unit of µmol/m2. Correspondence between f
and Q−1 is shown by colors of data. All the f data are shown
after subtracting a constant frequency f0, which is 860.822
Hz for 4He and 860.145 Hz for 3He, respectively.
III. RESULTS AND DISCUSSION
A. Raw data
In Fig. 4, we show raw data for the coverage n from
0 to 23 µmol/m2 for 4He, and to 20 µmol/m2 for 3He,
respectively. The dots in black are the background (n =
0). Helium adsorption (n > 0) increases f in the entire
temperature range from the background.
At each coverage, f increases as T decreases more
rapidly than the background does. By comparing the
data with FEM simulations, we find that the observed
increase in f is originated from change in elasticity of
helium adatoms. The FEM simulation shows that if 15
µmol/m2 of 4He were decoupled from the oscillation, f
would increase by 1.5 mHz, which is nearly two orders of
magnitude smaller than the observed increment at low-
est T , δf ∼ 50 mHz. Therefore, the increase in TO
frequency is not due to the change in mass loading, i.e.
superfluidity, supersolidity and slippage of helium films,
but is originated from stiffening of helium films.
The dissipationQ−1 has a peak at a temperature where
the slope of f is the largest, and its position decreases
with increasing n. As T decreases further, f tends to
saturate and Q−1 decreases. These behaviors of f(T )
and Q−1(T ) are qualitatively the same for 4He and 3He
films. We call these phenomena elastic anomaly. The
elastic anomaly vanishes at n ≃ 23 and 20 µmol/m2 for
4He and 3He, respectively. We can regard these coverages
as the critical coverage nc. We will discuss later that nc
determined from the elastic anomaly in 4He is identical to
5nc for the onset of superfluidity within the experimental
accuracy. At coverages n > nc, both f(T ) and Q
−1(T )
are almost identical to those of the n = 0 background,
except for small upward shift in f at all temperatures
(+6 and +3 mHz for 4He and 3He, respectively). There-
fore, in the superfluid phase of 4He and liquid phase of
3He, no prominent elastic anomaly is observed. It is re-
markable that at n > nc the TO behaves as if there were
no adsorbed helium except the temperature-independent
shift.
The gradual increase in f suggests a crossover of he-
lium film from a soft to a stiff state, not a first order
phase transition such as solidification.
Comparing the resonant frequencies at n = 15 and 23
µmol/m2 of 4He, for instance, we see that f(15 µmol/m2)
is larger than f(23 µmol/m2) in the entire temperature
range. This means that the thinner film has a larger
elastic constant than the thicker film does. Such a cov-
erage dependence of elastic anomaly can never be ex-
plained by the inert layer model. We show below that
a two-band model considering gapped excitation in the
localized state explains qualitatively the observed elastic
anomaly.
B. Anelastic model and energy gap
The temperature dependencies of f and Q−1 are typi-
cal of a relaxational crossover between a soft state at high
T and a stiff state at low T under AC stress applied to
a substrate-He system. Assuming that the relaxation is
caused essentially by adsorbed helium, the relaxational
contribution to f and Q−1 is obtained by subtraction of
the background from the raw data. We define the fre-
quency shift by
δf ≡ f(T, n)− f(T, 0)− [f(1 K, n)− f(1 K, 0)]. (6)
By this definition, we have omitted the background and
the small constant frequency increments which were seen
for all coverages (see f at high temperatures), so as to
set δf = 0 at 1.0 K. The temperature-independent ex-
tra background is attributed to adsorption of atoms in
particularly deep potential sites on the disordered sub-
strate, and this omission was necessary for the fitting of
data to the response function given later. We also define
the excess energy dissipation by
δQ−1 ≡ Q−1(T, n)−Q−1(T, 0). (7)
This definition was sufficient for the data of 4He, but we
have added a small constant to set δQ−1(1 K) = 0 for
the data of 3He.
Figure 5 shows a normalized frequency shift 2δf/f0
and an excess dissipation δQ−1 for 4He at n =
18 µmol/m2. Other data, including 3He data, are pre-
sented in Figs. 9 and 10 in Appendix. The dissipation
δQ−1 becomes negative below 0.1 K, meaning that he-
lium adsorption decreases the internal loss of the glass.
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FIG. 5. The normalized resonant frequency 2δf/f0 and excess
dissipation δQ−1 for a 4He film at n = 18 µmol/m2. Solid
curves are the results of fitting to the response function, Eq.
(11). Fitting parameters are as follows: δG/G0 = 1.20×10
−4,
τ0 = 0.4 ns, ∆/kB = 3.1 K, and σ = 0.38. A vertical arrow
shows Tp. Inset is Cole–Cole plot of the data. Semicircle
shows the Debye relaxation with a single τ .
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FIG. 6. The dissipation-peak temperature Tp, and the energy
gap ∆ obtained from the fittings as a function of the cover-
age. Solid curves are power low fits for ∆ (see text). Arrows
indicate critical coverage nc.
The physical origin of this apparently negative dissipa-
tion has not been elucidated.
The dissipation-peak temperature Tp is indicated by
an arrow in Fig. 5. It can be recognized as a crossover
temperature between the stiff and the soft state. The
coverage dependence of Tp is shown in Fig. 6. Tp ap-
proaches 0 K at n = nc with a concave curvature.
The relaxational crossover is explained by a thermal
activation process of helium adatoms between two dis-
crete energy bands10,25. At T = 0, helium atoms are
localized and forms an energy band. At finite temper-
6atures, the localized atoms are thermally excited to an-
other band of extended states separated by an energy
gap. The excited atoms move freely along the substrate
and act as a normal fluid. We analyze 2δf/f0 and δQ
−1
by dynamic response functions for anelastic relaxation,
according to similar anelasticity analysis for bulk solids26
2δf(T )
f0
=
δG
G0
[
1− 1
1 + [ωτ(T )]2
]
, (8)
δQ−1(T ) =
δG
G0
ωτ(T )
1 + [ωτ(T )]2
, (9)
where δG and G0 are a relaxed shear modulus and a
shear modulus of TO rod respectively, and ω = 2pif ≃
2pif0. The dissipation δQ
−1 has a peak at ωτ = 1. The
thermal relaxation time is given by τ(T ) = τ0e
E/kBT ,
where E is an energy gap (an activation energy) and
τ−10 is an attempt frequency. Now it becomes clear that
the dissipation-peak temperature Tp is the temperature
which holds 1 = ωτ0e
E/kBTp .
If τ(T ) were single valued, the relaxation would be a
Debye type and the plot of 2δf/f0 versus δQ
−1 would
be a semicircle shown in the inset of Fig. 5. The plot
is, however, a deformed semicircle, meaning that E has
a distribution.
We assume a log-normal distribution for E
F (E) =
1√
2piσE
exp
(
− [ln(E/∆)]
2
2σ2
)
, (10)
where ∆ is the median (a value separating the higher
half of the population from the lower half). We here-
after regard ∆ as the energy gap. The selection of a
log-normal distribution is reasonable because δQ−1(T ) is
almost symmetric for log(T ) scale as shown in Fig. 5. We
obtain a complex form of the dynamic response function
as
2δf
f0
+ iδQ−1 =
δG
G0
[
1−
∫
∞
0
F (E)
1 + iωτ(E, T )
dE
]
. (11)
We perform fittings of Eq. (11) to the data. The re-
sults are shown with solid curves in Fig. 5, and Figs. 9
and 10 in Appendix. Equation (11) fits well to the data,
and the negative δQ−1 below 0.1 K does not give much
influence to the quality of the fittings.
We find a remarkable relation between ∆ and Tp, ∆ ≃
13kBTp, for both
4He and 3He, as clearly shown in Fig.
6. This relation between ∆ and Tp reinforces the validity
of the fittings. Other fitting parameters, δG/G0, τ0 and
σ, have no systematic dependencies on n. The inverse
attempt frequency τ0 is ranged from 0.4 to 0.6 ns, which
holds the aforementioned relation 1 = ωτ ≃ ωτ0e13.
Figure 6 shows that ∆ and Tp monotonically decrease
with some scatters. The gap is fitted by a power law
∆ = ∆0|1− n/nc|a. (12)
Nonlinear fittings give ∆0/kB = 23.9 K, nc =
23.0 µmol/m2 and a = 1.32 for 4He, and 36.5 K,
19.8 µmol/m2 and 1.80 for 3He, respectively.
FIG. 7. (a) Proposed energy band for helium films. The
left side shows density of states (DoS) of the localized and
extended states separated by a gap ∆. The chemical potential
µ is located at the middle of the gap. The right side shows its
n dependence. The uppermost energy of the localized states
increases with n, while the lowermost energy of the extended
states stays at −10 K, which was obtained as the chemical
potential of 4He film on glass from a numerical study27. (b)
2D compressibility of 4He and 3He films. Solid curves show
κ2Dµ from Eq. (15) and triangles show κ2D directly obtained
from δf using Eq. (16).
C. Energy band and compressibility
The fact that ∆ smoothly decreases to zero as n→ nc
indicates that the energy band also smoothly changes
with n. We propose an energy band in Fig. 7(a). The
localized states are completely filled at T = 0, and its
uppermost edge is determined by n. Atoms in the lo-
calized states contribute to the elasticity. On the other
hand, the extended states are empty at T = 0, and their
lowermost edge, µ0, has no or negligible dependence on
n. At high T , helium atoms are thermally excited from
the localized to the extended states, resulting a softening.
At n ≥ nc, the gap is closed, and helium atoms can enter
the extended states even at T = 0. 4He atoms condensed
in the extended states show superfluidity. This scenario
was first discussed by Crowell et al. in a heat capacity
study of 4He films10.
The band for each n is analogous to that of intrinsic
semiconductor. The chemical potential µ at T = 0 is a
7function of n and is located at the middle of the gap, so
that
µ(n) = µ0 −∆(n)/2. (13)
The 2D compressibility is, by definition,
κ2Dµ =
(
NAn
2 ∂µ
∂n
)
−1
, (14)
where NA is the Avogadro constant (NAn is a 2D number
density of atoms). We refer to the 2D compressibility
obtained from µ(n) as κ2Dµ. From Eqs. (12), (13) and
(14), we get
κ2Dµ =
2nc
aNAn2∆0
|1− n/nc|1−a. (15)
The results are drawn in Fig. 7(b) with solid curves.
The 2D compressibility is also obtained by directly
comparing the observed frequency increment δf(n) with
Eq. (1), the FEM result. Here δf(n) is frequency in-
crement from f(nc) at the lowest temperature. We use
f(nc), not f(n = 0), as the reference value because f(nc)
contains the elastic contribution from atoms in deep po-
tential sites which we want to exclude from the calcula-
tion. The shear modulus of Gelsil is Gg0 = 7.38 GPa
from an ultrasound study22. With a general relation
K = λ + (2/3)G, where K is a bulk modulus and λ is a
La´me constant, an effective 3D compressibility of helium
film κ is κ−1 = δK ≃ (2/3)δG. It is converted to the 2D
compressibility by κ2D = κ/d, where d = vfilmn is mean
film thickness and vfilm is molar volume of helium film.
Since vfilm is unknown, we employ v of liquid helium at 0
bar, which might be larger than vfilm. Combining these
equations, we have
κ2D =
0.148f0
δf(n)Gg0vn
. (16)
In Fig. 7(b), we plot κ2D obtained from Eq. (16). The
overall agreement between κ2Dµ and κ2D from δf defi-
nitely assures the proposed band. In both 4He and 3He,
κ2D first decreases, then makes a plateau, and finally
shows divergent behavior as n approaches nc.
D. Phase diagram
The universality in 4He and 3He films is revealed by
constructing a “unified” phase diagram shown in Fig. 8.
The peak temperatures Tp’s of
4He and 3He as a func-
tion of n/nc nearly collapse onto each other, except that
the curvatures differ. The difference of the zero-point
energy, hence the binding energy from the substrate, be-
tween 4He and 3He does not affect the magnitude of the
characteristic temperatures of the elastic anomaly.
Superfluid transition temperatures Tc’s of
4He on Gel-
sil in a previous TO study28 are also plotted in Fig.
FIG. 8. A unified phase diagram constructed by crossover
temperature Tp and superfluid transition temperature Tc
(only for 4He) as a function of n/nc. The superfluid transi-
tion temperature is from previous TO study28 (4He on Gelsil,
nc = 20 µmol/m
2). The peak temperature divides the local-
ized phase from normal fluid phase. The localized phase near
T = 0 is a sort of Mott insulator (MI) or Mott glass (MG).
Possible region for Bose glass (BG) or Fermi glass (FG) is
shown.
8. The critical coverage for it was inferred to be nc =
20 µmol/m2, which is slightly smaller than 23 µmol/m2
for the elastic anomaly. The nominal pore diameters were
2.5 nm for both porous Gelsil samples, but they were
provided by different manufacturers. The discrepancy
in nc might be originated from differences in some char-
acteristics such as residual impurities, pore size and its
distribution between two samples.
In a previous TO study, a TO with a Gelsil in the bob
(named TO1, see Appendix B) has detected both the su-
perfluid transition and the elastic anomaly, the latter is
confirmed by the present study. The two characteristic
temperatures, Tp and Tc, meet at the same critical cov-
erage nc = 22 µmol/m
2 in the experimental resolution
(see Fig. 13 in Appendix B). A heat capacity study by
Crowell et al.10 may also suggests the common critical
coverage for “TB” and Tc, though the physical meaning
of TB, a crossover temperature of the heat capacity at
n < nc, is not clear. Further experimental studies in
the vicinity of nc is necessary to conclude that the nc’s
of the superfluidity and the elastic anomaly are exactly
identical or slightly different.
Figures 6 and 8 show that ∆(n) and Tp obey a power
law ∆ ∝ Tp ∝ |n − nc|a with a > 1. A symmetry may
exist between the critical exponent of ∆ and that of su-
perfluid Tc of
4He films, in which Tc ∝ (n − nc)w with
w > 1 in all previous results9,10.
Our finding is that 4He and 3He films at n < nc
are identically gapped and compressible irrespectively of
quantum statistics. These features do not strictly agree
with the properties of Bose glass (gapped, compressible,
8for 4He)17, Mott insulator (gapped, incompressible) or
Mott glass (single-particle gap, incompressible)18.
We propose, however, that the localized helium film is
a sort of Mott insulator or Mott glass in a realistic sit-
uation. One may consider the following model: Helium
atoms are first adsorbed on some particularly deep ad-
sorption sites, so as to weaken randomness. Additional
helium atoms are adsorbed on the weakened potential
surface, and self-organize a nearly spatially periodic 2D
Mott insulator or Mott glass with an n-dependent lat-
tice spacing. The self-organization of sites allows a finite
compressibility. The gap is finite because “sites are fully
occupied” and an atom needs a finite energy to move.
Tackling this problem is important because it is related
the nature of the onset of superfluidity, the quantum crit-
ical phenomena and the boson and fermion localization.
Theoretical, numerical, and more experimental works are
desired.
The gapped localized state which terminates at a cer-
tain coverage (nc) has been observed in helium films on
various substrates, such as Vycor10,25, Hectorite (2D flat
substrate), FSM (1D pores), and zeolites29. This sug-
gests that the gapped localized Mott insulator or Mott
glass ubiquitously exists, irrespectively of substrate ran-
domness and dimensionality.
As to the 4He films, our result does not reject pos-
sibility of Bose glass in the vicinity of n = nc, where
the gap is almost closed and the compressibility signif-
icantly increases. Theories predict Bose glass emerging
between Mott insulator and superfluid in the presence
of moderate disorder17. The previous experiment dis-
cussed a quantum critical behavior of possible Bose glass
near nc
10. In our system, Bose glass can exist at about
22 < n < 23 µmol/m2, and a corresponding Fermi glass
can occur in 3He at 19 < n < 20 µmol/m2. Recently,
QPTs among Mott insulator, Mott glass, Bose glass
and Bose-Einstein condensate are realized in a quan-
tum magnet30. Helium films in disordered substrates can
open a new perspective of QPTs for advantage of variable
correlation and quantum statistics.
IV. CONCLUSIONS
We have discovered that the localized 4He and 3He
films on a porous glass show an identical elastic anomaly.
The elastic anomaly is explained by thermal activation of
helium atoms from the localized to extended states with
a distributed energy gap, which decreases as the film ap-
proaches the critical coverage nc. The two-dimensional
compressibility showed divergent behavior near nc, which
was deduced from the power low behavior of the gap and
the energy band. The divergent behavior of the com-
pressibility was confirmed from the direct calculation of
the observed frequencies. Both the localized 4He and 3He
are gapped and compressible, suggesting that the ground
state is a sort of Mott insulator or Mott glass. Future
studies in the vicinity of nc at lower temperatures will
unveil the nature of the QPT.
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Appendix A: Additional data for the fittings
We show in Figs. 9 and 10 additional data from which
the background is subtracted. The results of fittings to
Eq. (11) are also shown.
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FIG. 9. The normalized resonant frequency 2δf/f0 and excess
dissipation δQ−1 for 4He films at several coverages. Solid lines
are the results of fitting to the complex response functions
with a log-normal distributed energy gap (see text).
Appendix B: Interpretation of standard torsional
oscillator experiments
Our direct elasticity measurement was motivated by
the observation of frequency shift and excess dissipation
in a torsional oscillator for the study of superfluid prop-
erties of 4He films in porous Gelsil glass. Here we briefly
discuss the results and interpretation in the previous TO
studies.
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FIG. 10. The normalized resonant frequency 2δf/f0 and ex-
cess dissipation δQ−1 for 3He films at several coverages. Solid
lines are the results of fitting to the complex response func-
tions with a log-normal distributed energy gap (see text).
FIG. 11. Schematic cross sectional views of TO1 and TO2.
The porous glass sample is glued to the BeCu enclosure with
epoxy.
Two TOs, which we refer to as TO1 and TO2, were
employed as shown in Fig. 11. Each TO contained a
disk sample of porous Gelsil glass inside the torsion bob.
In TO1, we glued all the faces of the glass sample to the
wall by Stycast 1266 epoxy. The epoxy penetrated to the
hole of the torsion rod was carefully removed by inserting
a drill bit. On the other hand, in TO2, there was an open
space between the porous glass and one side of the wall
of the bob, at which the torsion rod is attached.
We performed measurements of f and Q−1 of TO1
and TO2 with adsorbed 4He at 6 < n < 35 µmol/m2.
In TO1, we observed an increase in f accompanied by a
dissipation peak at n < 22 µmol/m2, as in the case of the
present work. Figure 12 shows a result of fitting to the
observation, which are converted to the normalized fre-
quency shift 2δf/f0 and excess dissipation δQ
−1. We see
that the overall T dependencies of TO1 are identical to
the results of the present TO, in which the Gelsil sample
is located in torsion rod. The fitting of the data to the
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FIG. 12. Anomalous response observed in TO1 for 4He cover-
age n = 15.0 µmol/m2. The data shown are after subtracting
the background from the raw data and normalized to 2δf/f0
and δQ−1 as in the main text. Note that the magnitude of
effects is small by a factor of 10−2 compared with the present
TO. Solid lines are the results of fitting similar to that de-
scribed in the main text.
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FIG. 13. The dissipation-peak temperature Tp and the su-
perfluid transition temperature Tc of
4He film detected with
TO1. The arrow is at n = 21.6 µmol/m2.
complex response functions described in the main text
works well. We confirmed that in TO1 the dependence
of the behaviors on n and the obtained fitting parameters
such as energy gap ∆ are also identical to the present TO.
At n > nc, ordinary superfluid transitions were observed
as an increase in f below Tc. The dissipation-peak tem-
perature Tp and the superfluid transition temperature Tc
are plotted in Fig. 13. The critical coverages nc deter-
mined from the n dependencies of Tp and Tc are identical
within the accuracy of the data.
In TO2, however, such an elastic anomaly below nc was
not observed, while the superfluid transition was seen at
n > nc as in TO1. The superfluid transition tempera-
ture Tc in Fig. 8 is from TO2
28. We have found that the
absence of the elastic anomaly in TO2 is originated from
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FIG. 14. Calculated change in resonant frequency, δf , as
a function of normalized stiffness of porous glass sample in
TO1 and TO2: e.g. the value 1.01 corresponds to the one
percent increase in shear modulus of glass by adsorbed helium.
Difference of about 40 times between the cases of TO1 and
TO2 is seen.
the existence of open space between a face of porous glass
disk and the wall of the TO cell near the torsion rod.
We calculated the change in resonant frequency when
the shear modulus of glass inside the TO bob increases,
assuming the structures of TO1 and TO2 in FEM sim-
ulations. The results are shown in Fig. 14. When the
shear modulus of glass inside TO1 increases 5 percent, f
increases about 60 mHz, while it increases only 2 mHz in
TO2.
We interpret these results as follows: In a realistic TO
made of metal for superfluid studies, the torsion bob is
not rigid, and the resonant frequency of the fundamental
torsion mode is determined not only by the shear mod-
ulus of the torsion rod but also by the shear modulus
of the torsion bob, which consists of porous glass, BeCu
enclosure and adsorbed helium in our experiments. This
non-ideal nature of TO has been established by studies of
apparent supersolidity of bulk solid 4He using TOs with
many different designs31–33. In particular, it has been re-
alized as the Maris effect that the stiffness of the part of
TO near the torsion rod has a large contribution to res-
onant frequency34. The presence of the elastic anomaly
in TO1 and its absence in TO2 may be a manifestation
of the Maris effect. In TO2, the stiffening of porous glass
sample by helium adsorption will hardly contribute to
the total torsion constant by the existence of open space
inside the bob. We emphasize that this effect would be
revealed only by FEM simulations, because it is difficult
to calculate analytically the resonant frequency of a re-
alistic TO with complicated structure and composites of
different materials.
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